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Abstract
We point out that tensor consistency relations—i.e. the behavior of primordial correlation functions in
the limit a tensor mode has a small momentum—are more universal than scalar consistency relations.
They hold in the presence of multiple scalar fields and as long as anisotropies are diluted exponentially
fast. When de Sitter isometries are approximately respected during inflation this is guaranteed by the
Higuchi bound, which forbids the existence of light particles with spin: De Sitter space can support
scalar hair but no curly hair. We discuss two indirect ways to look for the violation of tensor con-
sistency relations in observations, as a signature of models in which inflation is not a strong isotropic
attractor, such as solid inflation: (a) Graviton exchange contribution to the scalar four-point function;
(b) Quadrupolar anisotropy of the scalar power spectrum due to super-horizon tensor modes. This
anisotropy has a well-defined statistics which can be distinguished from cases in which the background
has a privileged direction.
1 Introduction
The dynamics of spin-2 particles is theoretically very constrained. While General Relativity (GR) is
the only consistent theory of an interacting massless spin-2 particle [1, 2], there are tight theoretical
constraints on the physics of a massive spin-2 [3] and in general on modifications of GR. This theoretical
robustness is particularly appealing and motivates the huge experimental effort dedicated to the study
of gravitional waves (GWs) both of astrophysical and cosmological origin. The robustness of GR allows
to predict in terms of few parameters the production of GWs by binary black holes. The same robustness
shows up in the predictions for primordial tensor modes, which are way more model-independent than
their scalar counterpart. For instance, the tensor power spectrum cannot be modified at leading order
in derivatives [4, 5], at least in models which can be described within the framework of the Effective
Field Theory of Inflation [6].
In this paper we explore another aspect of this robustness: the tensor consistency relations (CRs)
[7]. Usually these relations are associated to single-field models [8] and, indeed, scalar CRs are in general
violated when more than one field is relevant: a large f localNL is generated in many multifield models and
violates the CR for the 3-point function. On the other hand, it is easy to realize that tensor CRs still
1
hold in multi-field models [9]. As we will discuss in Section 2, the argument for which a long-wavelength
GW can be locally removed by a suitable anisotropic change of coordinates (an adiabatic mode in the
terminology of Weinberg [10]) holds even in the presence of multiple scalar fields1. More generally
tensor CRs are violated only when there are light tensor perturbations which are not adiabatic, which
means anisotropic perturbations are not efficiently damped. Therefore, while the violation of scalar
CRs is a smoking gun of the presence of additional scalars, the violation of tensor CRs would show
that the Universe does not quickly evolve towards an anisotropic attractor during inflation. (A similar
conclusion about Solid Inflation was reached in [12, 13].) The usefulness of such a signature becomes
clear in view of the fact that at the level of background cosmology the isotropy of the observed universe
puts an extremely weak constraint on the degree of anisotropy in the early universe. Background
anisotropy rapidly dilutes during the thermal history.
In the same way extra light scalars can violate scalar CRs, extra light spin-2 particles can violate
tensor CRs by introducing long-lived anisotropies. Here, however, the theoretical constraints on spin-2
particles come into play. The Higuchi bound [14], as we will discuss in Section 3 and in the Appendices,
forbids the existence of a spin-2 field in de Sitter (dS) space with a mass m2 < 2H2, where H is the
Hubble constant of de Sitter. More generally, the Higuchi bound ensures that all perturbations with
non-zero spin (and hence anisotropic) dilute faster than exp(−Ht). Therefore, although dS is allowed
to have scalar hair, it cannot support curly hair. We will see that this is in some sense a stronger
statement than Wald’s no-hair theorem [15] which assumes strong energy condition on matter fields: a
condition that is violated by an innocuous light scalar field. Using the terminology of conformal field
theory, we will discuss how primary composite operators are constrained by the Higuchi bound, while
non-primary ones can evade it at the expense of introducing tachyonic instabilities.
Since inflation occurs in a space-time which is approximately de Sitter, the bound should also apply
to this case as long as de Sitter isometries are approximately respected by the active degrees of freedom.
This ensures tensor CRs to hold in this subclass of models. Nevertheless, there are many inflationary
models in which part of dS isometries are fully broken. Among those, tensor CRs are often violated in
models with a symmetry pattern different from the one of the Effective Field Theory of Inflation, for
example in Solid Inflation [16, 17, 18, 19, 20, 21, 22, 23]. In these cases tensor fluctuations, even on
long wavelength, deform the background and are therefore not adiabatic.
In Section 4 we discuss the various observables sensitive to a violation of tensor CRs. The CMB cor-
relator 〈BTT 〉, recently studied in [24], is directly sensitive to the correlation function 〈γζζ〉. However,
there is another slightly indirect probe of this correlation. In contrast to scalar entropy modes (such as
extra light scalar fields), where the super-horizon fluctuations just redefine the observed homogeneous
background in the observable Universe, non-adiabatic tensors leave a local imprint in the form of a
quadrupolar anisotropy of the power spectrum. The anisotropy depends on the particular place in the
Universe and we can only study its statistics: we find that the eigenvalues of the tensor which describes
the anisotropy tend to be different. As such they are easy to distinguish from models with a preferred
direction in the sky, which induce an axisymmetric quadrupolar modulation.
Finally, the violation of tensor CRs shows up indirectly in the countercollinear limit of scalar
correlation functions: the exchange of a light helicity-2 state generates a scalar 4-point function with a
particular angular dependence, very different from the one usually parameterized by τNL. This 4-point
1Scalar CRs can also be seen as a consequence of the equivalence principle [11]. Notice however that scalar
violation of the equivalence principle cannot spoil tensor CRs.
2
function can be observed both in the CMB 〈TTTT 〉 correlator or in future Large Scale Structure (LSS)
surveys. Conclusions and future directions are discussed in Section 5.
2 Tensor consistency relations
Squeezed limit CRs among cosmological correlation functions are in one to one correspondence with
the adiabatic modes of Weinberg [10]. Below we will give a brief derivation (details can be found in
[25, 26]). Then we will focus on potential violations of tensor CR as an indicator of whether during
inflation the background converges to an isotropic solution exponentially fast.
Adiabatic modes in cosmology are super-horizon physical perturbations which are locally indistin-
guishable from a gauge mode. As such they do not affect short distance dynamics and therefore their
correlation with the short distance perturbations is trivially related to a coordinate transformation. To
find them Weinberg introduced the following trick
i First fix the gauge. Using ADM parametrization,
ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt), (1)
the spatial part of the metric can be factorized as
gij = a
2e2ζ (eγ)ij , with γii = 0. (2)
The gauge can be fixed by imposing ∂iγij = 0, and fixing time-reparametrization by choosing time-
slices to coincide with constant energy density ρ slices. This completely fixes the reparametrization
freedom at finite wavelength. There are still asymptotic (non-vanishing at spatial infinity) spatial
diffeomorphisms xi → xi + ξi(t, ~x) which preserve the gauge condition. They satisfy [25]
∇2ξi + 1
3
∂i∂jξ
j = 0. (3)
ii Except for translations and rotations, applying these infinitesimal transformations to the FRW
background excites linear metric perturbations:
ζ =
1
3
∂iξ
i, N i = ξ˙i, γij = ∂iξj + ∂jξi − 2
3
δij∂kξ
k, (4)
where the dot denotes d/dt and spatial indices are raised and lowered by δij and its inverse. So one
obtains a family of (trivial) infinite wavelength solutions to the equations of motion.
iii The adiabatic modes are identified as the subfamily of solutions that can be deformed to finite
wavelength. This requirement fixes the time-dependence of ξi(t, ~x).
If adiabatic modes exist (that is if the last requirement can be satisfied), there is generically an
infinite number of them. They can be organized by Taylor expanding the generating asymptotic
diffeomorphisms at a fixed time-slice
ξi(t0, ~x) =
∞∑
n=1
1
n!
Mi i1···inx
i1 · · · xin . (5)
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The condition (3) translates into a trace condition on the matrices Mi i1···in .
The nth order adiabatic mode in (5) leads to a CR that constrains the O(qn−1) term in the cos-
mological correlation functions with one soft momentum ~q → 0. Here we concentrate on the leading
tensor CR for which
ξi = ωijx
j, ωii = 0, (6)
under which γij → γij + 2ωij . If super-horizon tensor fluctuations become adiabatic, in the sense that
to zeroth order in their wavenumber q they can be locally removed by (6) at all times, then the CR
can be derived as follows. Violations of this condition will be discussed in Section 2.1.
Consider the change of a short distance correlator under the transformation (6), δω 〈O〉. For in-
stance, O can be the product of two scalar fluctuations at small separation compared to q: 〈ζ(~x1)ζ(~x2)〉
with q|~x1 − ~x2| ≪ 1 and
δω 〈ζ(~x1)ζ(~x2)〉 =
〈
ζ((δij + ω
i
j)x
j
1) ζ((δ
i
j + ω
i
j)x
j
2)
〉
− 〈ζ(~x1)ζ(~x2)〉 . (7)
If the short wavelength modes are in Bunch-Davies vacuum, which ensures that they are not excited
until the mode ~q crosses the horizon, this can be related to the correlation function in the presence of
a long wavelength tensor fluctuation:
δω 〈O〉 = 2ωij δ
δγij
〈O〉γ
∣∣∣∣
γ=0
≃ lim
q→0
∑
s
ǫsijωij
1
Pγ(s, q)
〈
γs~qO
〉
, (8)
where we introduced the polarization vectors by expanding γij
~q
=
∑
s=1,2 ǫ
s
ijγ
s
~q , normalized to ǫ
s
ijǫ
s′
ij =
2δss
′
. The tensor power spectrum is defined
〈γs~q γs
′
−~q〉′ = δss
′
Pγ(s, q), (9)
where prime on the expectation value indicates that the momentum conserving delta function and a
factor of (2π)3 are removed. In writing (8) we have used the fact that super-horizon fluctuations of γij
can be treated as a classical background up to corrections of order q3 (see e.g. [26] for a derivation).
Taking O to be the product of two scalar modes as in (7) and transforming them to momentum space,
we obtain the following expression for the squeezed tensor-scalar-scalar correlation function [7]
lim
~q→0
1
Pγ(s, ~q)
〈γs~q ζ~k1ζ~k2〉
′ = −ǫsijki1kj1
∂
∂k21
〈ζ~k1ζ~k2〉
′ ≃ 3
2
ǫsij kˆ
i
1kˆ
j
1〈ζ~k1ζ~k2〉
′ , (10)
where in the last passage we neglected the small deviation from scale invariance of the scalar spectrum.
It is worthwhile stressing that in the derivation above we did not assume that inflation is single-field:
the argument applies to cases with multiple scalars, like the curvaton scenario [27] or quasi-single field
models [28]. We do not have to assume that the short-wavelength scalar perturbations will eventually
become adiabatic: the operator O above could include isocurvature perturbations. Also we did not have
to assume that inflation is an attractor for scalar perturbations: the argument works for non-attractor
models [29] as well. The tensor consistency relation is simply equivalent to the adiabaticity of tensor
perturbations
Of course we never observe the ~q = 0 mode. So the above relation is useful because it applies
at finite q ≪ k up to corrections of order q, as long as the vacuum state is Bunch-Davies. That is,
the sub-horizon modes are not excited until their momentum redshifts to k/a ∼ H. On the other
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hand, if the short wavelength modes are excited at a physical frequency ω > H, then the above CR
holds for sufficiently squeezed correlators: q/k ≪ H/ω. This ensures that the mode q crosses the
horizon and becomes adiabatic well before the short modes are excited [30]. Two concrete examples
are: (1) Models with significant scalar and tensor emission from secondary sources (see for example
[31, 32, 33, 34]). Here one would expect most of the observed modes to be excited at ω ∼ H because of
the rapid expansion and redshift [35]. (2) Inflationary models with periodic features in their potential
[36], where ω ≫ H is possible. For all these models the tensor CRs hold for sufficiently small q.
2.1 Violation of tensor CR and cosmic no-hair theorem
The Universe we observe is extremely isotropic at large scales. However, unlike the large scale ho-
mogeneity and flatness, the present isotropy implies an extremely weak constraint on the degree of
anisotropy at the onset of the hot phase of cosmology. Anisotropies quickly dilute during the thermal
history (and indeed we never asked inflation to solve the “anisotropy problem” !). Thus we cannot rule
out inflationary models that are not strong (i.e. exponential) isotropic attractors. However, the decay
of anisotropies during the thermal history seems to imply that cosmological observables are insensitive
to this possibility.
This conclusion is not necessarily true. During inflation quantum fluctuations probe all possi-
ble small deformations of the background history, including anisotropic deformations, and the super-
horizon correlation functions are a recorded memory of how those deformations evolve. In particular,
suppose fluctuations of γij do not become adiabatic exponentially fast after horizon crossing. Then
local observers would be able to detect the effect of the super-horizon γij . They experience living in
an anisotropic quasi-de Sitter Universe, which to their surprise does not isotropise exponentially fast.
As discussed in the previous section, a violation of tensor CRs implies the existence of light non-
adiabatic tensor perturbations: in this case inflation is not a strong isotropic attractor, or in other
words, it supports anisotropic hair. This appears to be in contradiction to Wald’s no-hair theorem,
which states that homogeneous cosmologies with cosmological constant (CC) and any type of matter
that satisfies strong and dominant energy conditions (respectively SEC and DEC) approach isotropic
de Sitter space exponentially fast [15]. However, the assumption of SEC is too strong to be of interest
in the present discussion. Let us denote the components of the stress-energy tensor of the perturbations
by an index X. When the back-reaction of perturbations on geometry is negligible DEC (ρX > 0) and
SEC (ρX + 3pX > 0) imply
ρ˙X = −3H(ρX + pX) < −2HρX , (11)
which implies an exponentially fast decay ρX ∝ a−2 of the underlying perturbations. However, even
the superhorizon fluctuations of a light scalar field σ violate SEC, because
ρX + 3pX = 2σ˙
2 − m˜2σσ2 ≃ −m˜2σσ2 < 0, (12)
where we used the fact that in the limit m˜2 = m2σ + 2H
2 ≪ H2 the time derivative behaves as
σ˙ = −∆σHσ, ∆σ ≃ m˜
2
σ
3H2
(13)
and hence the kinetic term is negligible. (Note that mσ is the mass of a conformally coupled field.
We use this for consistency with the following discussion about particles with spin.) In this model the
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deviation from dS,
ρ+ p = σ˙2 = ∆2σH
2σ2, (14)
decays arbitrarily slowly for sufficiently small m˜2σ > 0. The fact that in the presence of a light scalar
field dS is not an exponential attractor is the perturbative manifestation of why slow-roll inflation can
occur. This shows that both de Sitter space and inflation can have scalar hair. But can they support
anisotropic hair?
A necessary condition for a no-hair theorem to exist is for it to hold for small perturbations. To
study them it is useful to distinguish two qualitatively different cases
I dS isometries are approximately respected: In this case the degrees of freedom furnish
the representation of dS isometry group, which at super-horizon scales coincide with those of a
3d conformal field theory. This is an especially interesting case because the limit of exact dS is
continuous. A long lived tensor degree of freedom (and in general any degree of freedom with
nonzero spin) except for an adiabatic γij would constitute an anisotropic hair. However, as we
will discuss in detail in Section 3, all such degrees of freedom are either forbidden by the Higuchi
bound, if they are fundamental fields, or they are composite operators made of tachyonic scalar
fields. So at least perturbatively there exists a no-hair theorem for particles with spin: we can say
de Sitter does not have curly hair 2.
II Some dS isometries are fully broken: Inflation has a preferred time, so dS isometries don’t
have to be respected by perturbations. We do not attempt to classify all possibilities but only list
some of the known examples:
a Effective Field Theory (EFT) of Inflation: applicable when there is no preferred spatial
frame [6]. Scalar fields cannot have anisotropic stress at super-horizon scales [37] so that tensor
modes become adiabatic. However, it might be possible to consider vector or tensor degrees of
freedom which evade dS bounds: while light particles with spin are pathological in de Sitter (see
Section 3), one can imagine that the coupling with the preferred foliation makes them healthy.
For instance it is well known that one can change the 2-point function of vector perturbations
adding a suitable function of the inflaton in front of the vector kinetic term f(φ)F 2 [38, 39]: in
this case the correlation can decay slower than the Higuchi bound outside the horizon.
b Preferred spatial frame: which exists when there is space-dependent background fields. All
existing examples of violation of tensor CR like Solid Inflation [19, 40] (see also [16]), Gauge-
flation [18] or Cromo-natural inflation [20, 21] fall in this category. As illustrated below in the
example of solid inflation the long wavelength γij are not adiabatic. Moreover, additional tensor
degrees of freedom often arise in these scenarios and they are not constrained by dS symmetries
because of the presence of the additional background fields. 3 4
2Since an adiabatic tensor mode is not locally observable, for us it does not constitute a genuine hair.
3Another example in which the dS isometries are broken is massive gravity when the fiducial metric is not
the inflationary dS: in this case one has an additional background with different symmetries and the Higuchi
bound does not apply straightforwardly (for a recent discussion in the context of the ghost-free massive gravity
see [41]).
4It is worth noting that even in the latter case where there is long-lived or growing anisotropy during inflation
the anisotropic expansion rate cannot exceed O(ǫH) [37].
As a concrete example consider Solid Inflation. The degrees of freedom consist of perturbations of
the Lagrangian coordinates {φi} of the solid
πi = φi − xi (15)
and transverse gravitons γij . The observed scalar modes are related to π
i fields through ζ = 13∂iπ
i +
O(π2). The super-horizon fluctuations of γij are not adiabatic in this model and tensor CR are violated.
Indeed an anisotropic rescaling (6) excites
δωπ
i = ωijx
j, (16)
and ∂iπj is a locally observable quantity. It leads to a long lasting super-horizon anisotropic stress. This
allows us to relate the violation of tensor CR to the squeezed limit of scalar correlation functions. Let
us write the correlation of two short modes in the presence of long tensor γij and scalar π
i fluctuations
as [42]
〈ζ(~x1)ζ(~x2)〉γ,π = ξ(r) + γijξijγ (~r) + ∂iπjξijπ (~r) + · · · (17)
where ~r = ~x2 − ~x1. Under an anisotropic rescaling that removes γij , ∂iπj → ∂iπj + 12γij . Thus we get
the following correction to the tensor CR
lim
q→0
1
Pγ(q)
〈
γs~qζ(~x1)ζ(~x2)
〉− CR = 1
2
ǫsijξ
ij
π (~r). (18)
The same function ξijπ determines the squeezed limit of
〈
ζ~qζ~k1ζ~k2
〉
and the counter-collinear limit of
the scalar trispectrum
〈
ζ~k1ζ~k2ζ~k3ζ~k4
〉
, when ~k1+~k2 = −~k3−~k4 = ~q is much smaller in magnitude than
k1 and k3. One can check that this is indeed the case in the explicit calculations of the squeezed limit
of [40]. If ξijπ has a traceless part then the quantum fluctuations of πi fields also induce anisotropies in
the local statistics of short modes. These anisotropies are larger by the scalar to tensor ratio r−1. The
observation imprints of such anisotropies will be studied in Section 4.
3 Exact-de Sitter limit and the Higuchi bound
As mentioned in the previous Section to have an isotropic attractor, all degrees of freedom with nonzero
spin except for the graviton have to decay exponentially outside the horizon. This guarantees that the
tensor CRs hold. The situation is analogous to scalar CRs which could be violated in the presence of
additional light scalar degrees of freedom, also known as entropy perturbations. Different patches of the
Universe with different entropy fluctuations experience different histories. If the entropy fluctuations
mix with the adiabatic fluctuations during the cosmic evolution the absence of a unique history leads
to a violation of scalar CRs.
Non-vanishing scalar fluctuations do not lead to anisotropy. In this Section we will review the
Higuchi bound and show that non-pathological higher-spin fields indeed decay as a−1 or faster in dS.
Our focus will be on spin-1 fields and the more important case of spin-2 fields where the Higuchi bound
forbids the mass range 0 < m2 < 2H2 [14].
The pathology of long-lived spin-1 and spin-2 degrees of freedom can be seen in the 2-point function
of the fields, which is fixed by the de Sitter symmetries [43]. De Sitter is a maximally symmetric space
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with 10 isometries. Apart from spatial translations and rotations, it is invariant under the following
two transformations
D = −i (η∂η + xi∂i) (19)
Ki = 2i xi(η∂η + ~x∂~x) + i(η
2 − |~x|2)∂i . (20)
In de Sitter, an elementary field φ with mass m and spin s has two eigenmodes which at late times go
as powers of the conformal time φ± ∼ η∆± , where ∆± are given by
∆± =
3
2
±
√(
s− 1
2
)2
− m
2
H2
. (21)
If ∆ is real, the solution ∆− dominates at late times. So D and Ki act on the fields (taking ∆ = ∆−)
as
D → −i(∆ + xi∂i) , Ki → −i(2∆xi + 2xi (xi∂i)− |~x|2∂i) . (22)
These transformations are the same as conformal transformations in 3 spatial dimensions, with the
conformal dimension of the fields determined by their late-time behavior (21), which is fixed by the
mass and spin.
The universality of dS results then follows from the fact that the 2-point correlation functions of
primary fields in a conformal field theory are fixed by the symmetries, up to the overall normalization.
The 2-point function of a spin-1 field Ai takes the form [43]
〈
Ai(~x)Aj(0)
〉 ∝ 1|~x|2∆ (δij − 2xˆixˆj), with xˆ ≡ ~x|~x| , (23)
and that of a spin-2 field Sij〈
Sij(~x)Skl(0)
〉
∝ 1|~x|2∆ (δ
ik − 2xˆixˆk)(δjl − 2xˆj xˆl) + (k ↔ l) . (24)
Going to Fourier space one gets
〈ǫ.A~k ǫ˜.A−~k〉′ ∝ eiψ + 2
(2−∆)
(∆−1) + e
−iψ , (25)
〈ǫ2.S~k ǫ˜2.S−~k〉′ ∝ e2iψ + 4
3−∆
∆
eiψ + 6
(3−∆)(2−∆)
(∆−1)∆ + 4
3−∆
∆
e−iψ + e−2iψ , (26)
where ~ǫ and ~˜ǫ are polarization vectors which (following [43]) are chosen to be
~ǫ = (cosψ, sinψ, i) , ~˜ǫ = (1, 0,−i) for ~k = (0, 0, k). (27)
When ∆ goes below 1 (corresponding to m2 < 0 for s = 1 and m2 < 2H2 for s = 2), the helicity-0
component becomes negative: it becomes a ghost.5 For fields of higher spin s the Higuchi bound is
5The singularity at the threshold is not necessarily a pathology. It signifies an enhanced gauge symmetry
which renders the longitudinal mode non-dynamical. Similarly, the case ∆ = 0, s = 2 is an exception, since it
corresponds to a massless particle for which only the helicity-2 components are physical, the others being only
gauge artifacts.
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always at m2 = s(s− 1)H2 corresponding to ∆− = 1. Thus at a perturbative level all anisotropic hair
decay at least as a−1, and as a consequence geometric anisotropies decay as a−2.
As we saw, the bound is simply a consequence of dS invariance: in particular, it does not require
that the spin-2 state is described by an effective field theory with a parametric separation between the
mass and the cutoff. For example it applies to the tower of Kaluza-Klein gravitons. One can evade the
bound considering departures from exact de Sitter invariance given that during inflation the metric is
not exactly de Sitter. However, by continuity one does not expect a significant change of the bound
due to this.
The Higuchi bound comes from the relation among the different helicities, which is a consequence of
the full dS isometry group. Inflation is usually associated with a preferred foliation of dS (the case IIa
of the previous Section) and this breaks the conformal isometries of de Sitter. Only dilation invariance
is approximately respected. In the absence of those there is no relation among helicities and no Higuchi
bound. Therefore a particle with a large coupling with the preferred foliation can evade the Higuchi
bound.
3.1 Composite operators
Phrased in these general terms, the Higuchi bound looks very powerful, since it looks one can apply it to
any spin-2 operator, and not only to elementary spin-2 particles. For example it seems it applies also to
a composite operator built out of scalars ∂iφ∂jφ− 13 (∂φ)2δij . Actually this conclusion is too quick and
it is straightforward to verify that this operator does not have a 2-point function of the form of eq. (24).
Indeed eq. (24) only applies to primary operators of a CFT and the operator ∂iφ∂jφ − 13(∂φ)2δij is
not a primary. At first, the distinction between primaries and descendants in de Sitter seems odd:
the transformation properties of a field in de Sitter is fixed by its indeces, independently of whether
it is the derivative of another field or not. Why should there be difference between the spatial part of
a field Aµ and the one of ∂µφ? The difference stems from the different time dependence of the time
components, A0 and ∂0φ respectively. For Aµ all components will asymptotically behave in the same
way: Aµ(~x, η) ∼ A¯µ(~x)η∆. In this case under a de Sitter isometry, A0 does not affect the transformation
of Ai which behave like a CFT primary. On the other hand if ∂iφ ∝ η∆, then ∂0φ ∝ η∆−1. Now the
time component grows faster for η → 0 and one cannot neglect, for η → 0, the first term on the RHS
of eq. (20). One can check that taking this into account, ∂iφ transforms differently than Ai.
In a CFT a generic operator is a sum of primaries and descendants. Thus ∂iφ∂jφ− 13(∂φ)2δij can
be made primary by adding suitable descendant fields. To find them one can impose that the variation
under a special conformal transformation vanishes at the origin: this is the definition of a primary field,
while descendants change even at x = 0. In particular:
δK∂iφ = ∆biφ+O(x) δK∂i∂jφ = (∆ + 1)(bi∂j + bj∂i)φ− δijbk∂kφ+O(x) , (28)
where ∆ is the dimension of φ. For the particular case at hand we find the following primary operator
quadratic in φ (for simplicity we multiplied by (2∆ + 1) ):
Sij = (2∆ + 1)(∂iφ∂jφ− 1
3
δij(∂φ)
2)−∆
[
∂i(φ∂jφ)− 1
3
δij∂k(φ∂kφ)
]
(29)
= (∆ + 1)(∂iφ∂jφ− 1
3
δij(∂φ)
2)−∆(φ∂i∂jφ− 1
3
δijφ∇2φ) . (30)
9
We verify explicitly in Appendix A that the 2-point function of this operator is of the form (24) with
dimension ∆t = 2∆ + 2.
The operator Sij is now a primary and the Higuchi bound tells us that its longitudinal part should
become ghost-like for sufficiently small ∆t. But how can this happen if we start from a scalar with a
manifestly positive 2-point function in momentum space? The best way to understand what happens
as we approach the bound is to think about the wavefunction of the Universe for Sij . In the Gaussian
approximation it is given by
Ψ[Sij] ∼ exp
[
−1
2
∫
d3k
(2π)3
SijSkl〈σij(~k)σkl(−~k)〉′
]
. (31)
Here σij represents the “dual” operator in the putative CFT dual. As a consequence of conformal
invariance 〈σij(~k)σkl(−~k)〉 has the same form as eq. (26), but choosing the other branch of eq. (21),
i.e. ∆ = ∆+ (this is checked explicitly in Appendix B). In approaching the Higuchi bound ∆− → 1
and thus ∆+ → 2, we see that the wavefunction becomes broader and broader and it becomes non-
normalizable at the Higuchi bound. In the explicit calculation in Fourier space of the spectrum of
the composite operator, one always gets an IR divergence at the Higuchi bound as we verify explicitly
in the Appendix A for the case of a spin-1 composite operator. This IR divergence is cut off by the
first (and hence longest) modes that exit the horizon during inflation. However, the cutoff dependence
breaks conformal symmetry of the correlator so the general form (26) is no longer expected, neither is
the negativity of the helicity-0 correlation function.6
In summary, the conformal symmetry relates the various helicities as in eq. (26), so that the
pathology of the helicity-0 part becomes a pathology of the full operator. However we saw that
IR divergences modify eq. (26) in the case of composite operators. Moreover, the contributions of
descendants will change the ratio among the different helicities and in particular one can have a non-
primary spin-2 operator with an arbitrarily small ∆t. However, such composite operators are made
of tachyonic primary fields with negative dimension which grow exponentially fast at super-horizon
scales. For example, for the operator ∂iφ∂jφ− 13(∂φ)2δij , we need the scalars to have ∆ ≃ −1 for the
composite operator to have ∆t close to zero. Thus long lived anisotropic hair can be obtained at the
expense destabilizing dS by growing scalar hair.
6One must be careful with the real-space computations involving tachyons. Indeed if one uses the scalar
2-point function
〈φ(x)φ(0)〉 = 1|x|2∆ , ∆ < 0 , (32)
in the expression of the primary eq. (29), one gets the real-space expression eq. (24) even below the Higuchi
bound. But again the appearance of “negative probabilities” is fictitious. In fact the usual quantization in
momentum space guarantees that the momentum space correlators are positive definite. The problem with
tachyons is that the Fourier transform from momentum to real space,
ξ(~x) =
∫
d3~kk2∆−3ei
~k·~x, (33)
is IR divergent and hence the real space correlator is not (32). Indeed eq. (32) cannot come from a positive
Fourier-space spectrum, since ξ(~x = 0) =
∫
d3~kP (k) must be positive while (32) vanishes at coincidence point
for ∆ < 0. The correct 2-point function contains an IR divergent constant which physically describes the growth
of the tachyon field in an eternal de Sitter.
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4 Observational prospects
Tensor modes with a wavelength much longer than the present Hubble radius are unobservable if
the consistency relation holds [44]. In this case, the only observable effects arise when the tensor
enters the Hubble radius: it induces tides which result in a quadrupolar modulation of the density
field [45, 46, 47, 48, 49]. In the following we are going to neglect this “standard” effect, since we are
interested in possible additional signatures due to the violation of the consistency relation.
We parametrize the squeezed limit of 〈γζζ〉 as
〈γs~q ζ~k1ζ−~k1〉
′ ∼
(
fγNL +
3
2
)
〈γs~qγs−~q〉′ 〈ζ~k1ζ−~k1〉
′ ǫsij(~q)kˆ1,ikˆ1,j . (34)
In this way fγNL parametrizes deviations from the consistency relation: as we discussed, when the tensor
is way out of the Hubble radius the only physical effects are ∝ fγNL.
The tensor-scalar-scalar correlation function can be directly tested by measuring the correlation
between temperature and B-mode polarization in the CMB, 〈BTT 〉 [24]. A very rough estimation of
the signal-to-noise of such three-point function, when noise is dominated by cosmic variance, is
(S/N)2 = Ω
∫
d2lB
(2π)2
d2lT
(2π)2
〈BlBTlT TlT 〉′ 2
〈BlBBlB 〉′ 〈TlT TlT 〉′ 2
≃ fγNL2rAs
(
lT,max
lT,min
)2
log
(
lBmax
lBmin
)
, (35)
where the angular size of the survey and lT,min are related as Ω ≃ (2π)
2
l2
T,min
. As is the amplitude of scalar
power spectrum, As = 2.2×10−9 [50]. We see that the signal is proportional to the combination fγNL2 r.
Note also that this depends on the range of scales over which B-modes are observed. The reader may
refer to [24] for a detailed analysis of the signal-to-noise of the 〈γζζ〉 3-point function. The authors
find that a futuristic experiment with lT max ∼ 4500 and lBmax ∼ 500 should be able to reach 7
fγNL
2
r . 6× 103 ; (36)
an experiment of this kind will be cosmic variance limited unless r . 10−3.
Even if the tensor modes are not directly measured, the violation of the tensor CR can be observed
looking at the statistics of scalar perturbations only. We are now going to study the effect on the scalar
2-point function and 4-point function.
4.1 Modulation of the scalar 2-point function
As discussed above, if the consistency relation is violated, the effect of a super-horizon tensor mode is
physical and can be observed locally (see for example [51, 52, 53, 54]). Here we focus on the modulation
it induces on the scalar 2-point function8
〈ζ~k1ζ~k2〉γ ≃ 〈ζ~k1ζ~k2〉+ γ
s
~q
〈γs~q ζ~k1ζ~k2〉′
Pγ(q)
, (37)
7Notice that ref. [24] uses a different notation compared to ours: fhere
NL
√
r = 24f there
NL
.
8Superhorizon tensor modes also induce short-scale correlation among scalar and tensor perturbations (see
e.g. [13]).
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which would be observed as a quadrupole in the power spectrum proportional to the average amplitude
of the super-horizon spin-2 modes
Pζ(~k) = Pζ(k)
[
1 + fγNLǫ
s
ij(~q)kˆikˆjγ
s
q
]
≡ Pζ(k)
[
1 +Qij kˆikˆj
]
. (38)
The (squared) amplitude of Qij is obtained averaging over all the super-horizon modes:
Q2 = 8π
15
〈QijQij〉 = 8
15π2
fγNL
2
∫
q<H0
dq q2〈γs~qγs−~q〉′ ≈
4
15
fγNL
2
rAs∆N ; (39)
where r is the tensor-to-scalar ratio and ∆N is the number of e-folds of all modes outside the present
Hubble radius. Experimental limits come from the CMB: Q . 10−2 [55].9 This gives:
fγNL
2
r =
75
4
g22
As
1
∆N
. 8.5 × 105 1
∆N
. (40)
Notice that the measurable quantity is always the combination fγNL
2
r, as in eq. (36). In this case, since
we do not observe the tensor mode directly, the measurement is also sensitive to additional helicity-2
states even if they are not correlated with gravitational waves. In this case the effect is proportional to
the power spectrum of this extra state, instead of r, and its coupling with scalar perturbations, instead
of fγNL.
Let us comment on the quantity ∆N which describes the cumulative effect of all super-horizon
modes [56]. If the tensor (or the additional helicity-2 field) has a (small) blue spectrum, nT > 0—
this is the case of solid inflation—the integral converges in the IR. In this case, assuming inflation
is sufficiently long, the sum over all modes gives ∆N ≃ n−1T . For example, taking nT = 0.03, the
experimental bound above gives fγNL
2
r . 2.5× 104. In models with a red spectrum, the integral is IR
divergent and therefore the result depends on the duration of inflation. Notice also that if the tensor
mass during inflation is negative, the model does not evolve towards isotropy but (slowly) away from
it: in this case the initial condition for inflation must be carefully chosen to satisfy the experimental
limits on Q.
Future constraints on the amplitude Q2 will arise from the new generation of experiments. For
instance new LSS surveys may greatly improve the current limits. In this case a very rough estimate
of the signal to noise is given by
(S/N)2 =
V
2
∫
d3k
(2π)3
(
∆P (~k)
P (k)
)2
≃ fs 2
45π
As
(
kmax
kmin
)3
fγNL
2
r∆N , (41)
where fs is the fraction of the sky covered by the survey. An improvement of (kmax/kmin) of order 10
in the future experiments will put constraints on fγNL
2
r roughly of order O(100/∆N). Note, however,
that LSS measurements of the quadrupole could be complicated by the fact that both gravitational
non-linearities and redshift-space distortions induce a quadrupole. One can also look for this effect in
the 21 cm power spectrum. A detailed analysis on the bounds one could get on Q2 is given in [57].
9For comparison, notice that the quantity g2 used in [55] is given by: g2 ≡ Q/
√
5.
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The statistics of Qij
A quadrupolar modulation of the power spectrum is not only induced by tensor perturbations but also,
in models like solid inflation, by scalars and vectors [56]. The anisotropy in short-scale power spectrum
depends on (∂i∂j/∂
2 − 1)ζ in the case of scalars and on ∂i/
√
∂2Vj in the case of a vector. Naively one
may expect that the statistical distribution of the matrix Qij , i.e. the distribution of its eigenvalues,
depends on whether the origin of the quadrupolar modulation is a scalar, a vector or a tensor. Indeed
for a single Fourier mode the matrix is quite different comparing scalars with tensors: for instance the
scalar one has two equal eigenvalues and it is thus axially symmetric. However once we average over
all nearly Gaussian super-horizon modes, this difference is lost: rotational invariance and Gaussianity
imply that the distribution is uniquely fixed in terms of the variance
〈QijQkl〉 ∝ 1
2
(δikδjl + δilδjk)− 1
3
δijδkl . (42)
Since in all cases Qij is Gaussian (it is always linear in an approximately free field), all correlation
functions just reduce to the previous one and everything can be written in terms of the variance.
Therefore there is no way to distinguish whether Qij comes from long-wavelength fluctuations of a
scalar, a vector or a tensor.
Let us now address a different question: whether one can distinguish a quadrupole generated by
long-wavelength perturbations from the case in which the quadrupole is exactly axially symmetric
[58]: Pζ(~k) = Pζ(k)
[
1 + c(kˆ · nˆ)2
]
. This happens when there is a preferred direction nˆ in the sky, for
example due to the presence of a vector field in the background solution, see e.g. [59, 60]. In this case
two eigenvalues of the matrix Qij are the same, while in general this will not hold for a Qij with the
Gaussian statistical distribution discussed above. If the observed Qij is axially symmetric within the
experimental uncertainties, this will disfavor a quadrupole generated by super-horizon fluctuations. We
can easily quantify this statement and ask how well one should measure the quadrupole modulation
before being able to rule out the Gaussian statistics discussed above.
A similar problem arises when studying the statistics of the shear tensor in the Large Scale Structure
[61]. Given a symmetric traceless 3× 3 matrix we want to find the probability density function (PDF)
of the two independent eigenvalues. As we discussed, the entries of the matrix are Gaussian. Since the
distribution must be rotationally invariant it can only depend on QijQij :
P (Q11, Q22, Q12, Q13, Q23) = N e−
Q2
11
+Q2
22
+Q2
33
+2Q2
12
+2Q2
13
+2Q2
23
2σ2 dQ11 dQ22 dQ12 dQ13 dQ23, (43)
where Q33 = −(Q11+Q22) and N a normalization constant. We want to perform a change of variables
writing the PDF in terms of the eigenvalues of the matrix, respectively a, b and c = −(a+ b), plus the
three Euler angles, α, β, γ. The Gaussian now depends on a2 + b2 + c2 = 2(a2 + ab+ b2), while the
Jacobian of the trasformation is
|J | = (a− b)(a− c)(b− c) sin β = (a− b)(2a+ b)(a+ 2b) sin β. (44)
The eigenvalues are assumed to be in decrescent order, i.e. a ≥ b ≥ c, this implies
b ≤ a, b ≥ −a/2.
After integrating over the Euler angles we get (with a suitable change of the normalization N )
P (a, b) = N (a− b)(2a + b)(a+ 2b)e− a
2
+ab+b2
σ2 . (45)
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This PDF agrees with the one found by Doroshkevich [61] after one sets Tr(Q) = 0. Notice that the
Jacobian suppresses the PDF when two eigenvalues are similar and this makes the distinction from the
axially symmetric case easier.
We can now compute the probability of having two nearly degenerate eigenvalues. One has to
integrate the PDF (45) in the region( |a− b|
|a| ≤ ǫ
⋃ |b− c|
|b| ≤ ǫ
) ⋂ (
b ≤ a, b ≥ −a
2
)
.
The explicit integration gives
P (ǫ) = 1 +
3
√
3
4
√
(3− 3ǫ+ ǫ2)3 −
3
√
3
4
√
3− 3ǫ+ ǫ2 +
3
√
3
4
√
(3 + 3ǫ+ ǫ2)3
− 3
√
3
4
√
3 + 3ǫ+ ǫ2
=
3
8
ǫ2 +O(ǫ4). (46)
The above formula tells us that the probability of having two eigenvalues that differ less than 10%
from each other is ∼ 0.4%. Therefore if the errors on the quadrupolar modulation are reasonably
small, one can rule out that Qij is generated by many superhorizon Gaussian modes. Conversely, if
the eigenvalues are observed to be different one can rule out all models with a preferred direction.
4.2 The scalar 4-point function
The exchange of a soft graviton gives a 4-point scalar correlator in the limit in which the sum of two
momenta is small: q ≡ |~k1 + ~k2| ≪ ki. One gets, neglecting the terms which respect the tensor CR,
〈ζ~k1ζ~k2ζ~k3ζ~k4〉
′ ≃ 〈〈ζ~k1ζ−~k1〉 〈ζ~k3ζ−~k3〉〉′
=
∑
s
〈γs~qγs−~q〉′
〈γs~q ζ~k1ζ−~k1〉′
Pγ(q)
〈γs~q ζ~k3ζ−~k3〉′
Pγ(q)
= fγNL
2
Pγ(q)Pζ(k1)Pζ(k3)
∑
s
ǫsij(~q)ǫ
s
kl(~q)kˆ1,ikˆ1,j kˆ3,kkˆ3,l . (47)
The angular dependence of (47) can be cast in the form [62]∑
s
ǫsij(~q)ǫ
s
kl(~q)kˆ1,ikˆ1,j kˆ3,kkˆ3,l ≡ cos 2χ12,34 , (48)
where χ12,34 ≡ φ1 − φ3 is the angle between the projection of k1 and k3 on the plane orthogonal to q.
The final expression of the trispectrum due to a graviton exchange is
〈ζ~k1ζ~k2ζ~k3ζ~k4〉
′ = fγNL
2
Pγ(q)Pζ(k1)Pζ(k3) cos 2χ12,34. (49)
One can look for this kind of 4-point function directly in the CMB temperature map. The momen-
tum dependence is similar to the standard τNL trispectrum shape [63],
〈ζ~k1 ζ−~k1+~q ζ~k3 ζ−~k3−~q〉
′ =
5
3
τNLPζ(q)Pζ(k1)Pζ(k3) . (50)
Notice, however, that the additional angular dependence of eq. (49) is such that the two shapes are
effectively orthogonal and no constraint on eq. (49) can be obtained from the τNL bounds: a dedicated
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analysis must be performed. It is easy to estimate what kind of constraints (or detection!) one should
be able to get with a dedicated analysis. The bound on τNL < 2800 (95%CL) [64] can be roughly
converted in
fγNL
2
r . 4× 104 , (51)
where we wrote Pγ = Pζ r/4 and we took into account a factor of 〈cos2 χ12,34〉 = 1/2 which arises when
one integrates eq. (49) over all configurations. It is important to stress that this bound is not so much
worse than the futuristic limit using B-modes of eq. (36). This strongly motivates a dedicated analysis
of this shape of the 4-point function: a signal of tensors could be already in Planck temperature data,
even without observing B-modes! Moreover this signal has the advantage of being sensitive to extra
helicity-2 states which induce a 4-point function of the form (50), even in the absence of mixing with
gravitational waves.
One can also attempt to measure the scalar 4-point function by looking at galaxy number counts.
By correlating the amplitudes of a pair of 2-point functions, reference [65] studies whether future surveys
will be able to observe this effect. It is straightforward to translate their results in our notation. The
variance of the effect induced by a violation of the consistency relation for future surveys is
(
S
N
)2
≃ π
6075
fγNL
4
r2A2s
(
kmax
kmin
)6
. (52)
For a survey like Euclid, for which kmin ≃ 10−3Mpc−1, the expected constraints from this observable
are fγNL
2
r . 2× 104 (0.1Mpc−1/kmax)3, comparable to the limits that would be obtained by analyzing
the CMB 4-point function. Note that in the event of a positive detection, the above estimate of the
signal-to-noise ratio in the 4-point function breaks down due to the non-Gaussian contribution to the
noise. Beyond this point, an improved estimator (analogous to the one introduced in [67]) is necessary
to decrease the error-bars as 1/
√
Ndata.
5 Conclusions and future directions
We showed that tensor CRs are very robust and that their violation would contain a lot of insight
into the physics of inflation, showing that anisotropic perturbations are not quickly redshifted away.
We know few explicit models which violate tensor CRs, but it would be nice in the future to study
systematically this violation. In particular one could explore the connection between the general
analysis of tensor mass terms done in [66, 22] and the violation of tensor CRs. Since we are discussing
non-adiabatic tensor perturbations, one would like to understand what happens at reheating and in
particular if additional contributions which violate tensor CRs can arise at the end of inflation, similarly
to what happens in the case of scalars. Since the Higuchi bound applies also to higher-spin states, much
of what we said could be generalized to these cases as well. From the experimental side, it would be
extremely interesting to get explicit constraints on the helicity-2 mediated scalar trispectrum, eq. (49),
using Planck data and start thinking about future improvements from LSS data. We hope to come
back to these issues in the near future.
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A Composite spin-1 and spin-2 fields
Spin 1 in Fourier space Let us consider a primary spin 1 operator, Ai with conformal weight ∆.
Its 2-point function is
〈ǫ.A(~x) ǫ˜.A(~0)〉 ∝ ( ǫ.ǫ˜ )− 2(ǫ.xˆ)(ǫ˜.xˆ)|x|2∆ . (53)
Fourier transforming the above expression we get a power spectrum with the same pathology of the
spin-2 case: the helicity zero mode gives a negative contribution if ∆ < 1. Indeed,
〈ǫ.A~k ǫ˜.A−~k〉′ ∝ k2∆−3
(
eiψ + 2
2−∆
∆ − 1 + e
−iψ
)
. (54)
However, if we compute the power spectrum of a composite vector directly in Fourier space, it will be
always positive. To see this concretely consider the composite operator,
Ai ≡ ∆1φ∂iσ −∆2 σ∂iφ, (55)
with φ and σ two scalar fields with conformal weights, respectively ∆1 and ∆2. After having verified
that Ai satisfies Eq. (53) with weight ∆v = ∆1 +∆2 + 1, we move to Fourier space.
In Fourier space Ai(~k) is a convolution of φ and σ:
Ai(~k) =
∫
d3p
(2π)3
i
[
∆1 φ~p (k−p)i σ~k−~p −∆2 pi φ~p σ~k−~p
]
, (56)
hence its power spectrum is given by
〈ǫ.O~k ǫ˜.O−~k〉∝ǫiǫ˜j
∫
d3p
(2π)3
−∆ 21 pi pj−∆1∆2[(p−k)i pj + pi(p−k)j ]+∆ 22 (k−p)i(k−p)j
|~p − ~k|3−2∆1 p3−2∆2
.
(57)
The explicit expressions of ǫ and ǫ˜ are given in Eq.(27). We can split the two helicities contributions
in the two point function. Then we integrate over ~p. We find that the helicity 1 contribution is IR
divergent for ∆1 < −1 or ∆2 < −1 while it is UV divergent for ∆1 > 1/4 or ∆2 > 1/4. Actually, the
helicity 0 component has a smaller range of convergence: 0 < ∆1,∆2 < 1/4.
In the range of convergence, the ratio among the two helicities agrees with the ratio of the corre-
sponding coefficients in Eq. (54). In terms of ∆v the range of convergence is 1 < ∆v <
3
2 . For ∆v >
3
2 ,
the two helicity components diverge in the same way keeping their ratio constant. This hints that this
divergence is not physical, the 2-point function should be renormalized. For 0 < ∆v < 1, the helicity
zero component is still positive, however, it diverges.
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Spin 2 case Let us verify that the 2-point correlation function of Sij defined in Eq. (29) is of the
form (24). Since we are going to contract the operator with null polarization vectors ~ǫ and ~˜ǫ, the terms
proportional δij can be dropped:
〈Sij(~x)Skl(0)〉 = ∆2〈φ∂i∂jφ(~x) φ∂k∂lφ(0)〉 −∆(∆+ 1)〈φ∂i∂jφ(~x) ∂kφ∂lφ(0)〉
−∆(∆+ 1)〈∂iφ∂jφ(~x) φ∂k∂lφ(0)〉+ (∆ + 1)2〈∂iφ∂jφ(~x) ∂kφ∂lφ(0)〉. (58)
In the Gaussian approximation, this can be evaluated by taking products of derivatives of
〈φ(~x)φ(0)〉 = 1|x|2∆ . (59)
For instance
〈φ∂i∂jφ(~x) φ∂k∂lφ(~y)〉 = 〈φ(~x) φ(~y)〉〈∂i∂jφ(~x) ∂k∂lφ(~y)〉+ 〈φ(~x) ∂k∂lφ(~y)〉〈∂i∂jφ(~x) φ(~y)〉. (60)
Neglecting terms proportional to δij or δkl we get for this term
〈φ∂i∂jφ(~x) φ∂k∂lφ(0)〉 = 1|x|2(2∆+2)
[
4∆(∆ + 1)(δikδjl + δilδjk)− 8∆(∆ + 1)(∆ + 2)(δik xˆjxˆl + 3 Perm.)
+16∆(∆ + 1)[(∆ + 2)(∆ + 3) + ∆(∆ + 1)]xˆixˆjxˆkxˆl
]
. (61)
The other two contributions are given by
〈φ∂i∂jφ(~x) ∂kφ∂lφ(0)〉 = 1|x|2(2∆+2)
[
−8∆2(∆ + 1)(δik xˆjxˆl + 3 Perm.) + 32∆2(∆ + 1)(∆ + 2)xˆixˆjxˆkxˆl
]
.
〈∂iφ∂jφ(~x) ∂kφ∂lφ(0) = 1|x|2(2∆+2)
[
4∆2(δik − 2(∆ + 1)xˆixˆk)(δjl − 2(∆ + 1)xˆj xˆl) + (k ↔ l)
]
. (62)
Summing them up we get
〈Sij(~x)Skl(0)〉 = 4∆
2(2∆ + 1)
|x|2(2∆+2) (δ
ik − 2xˆixˆk)(δjl − 2xˆj xˆl) + (k ↔ l) (63)
plus terms that vanish when contracted with null polarization vectors.
B Wave function of the Universe
An alternative way to compute expectation values of the primordial perturbations consists in consider-
ing the wave function of the Universe. In this approach cosmological expectation values are casted in
terms of the functional ψ[χ], with χ standing for a generic perturbation. The perturbations produced
during inflation are known to be approximately Gaussian. This allows the wave function to be written
as a power series expansion of the form,
Ψ[χ(~x)] = exp
[
1
2
∫
d3x d3y χ(~x)χ(~y) 〈O(~x)O(~y)〉+ . . .
]
, (64)
where the coefficient 〈O(x)O(y)〉 determines the two-point correlators.
If dS isometries are respected by the fluctuations then the coefficient functions will transform
under the SO(4, 1) symmetries like correlation functions of appropriate operators in a Euclidean CFT.
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This means that also the functions 〈O(~x)O(~y)〉 must satisfies Eq. (24). We focus just on the tensor
perturbation Sij, hence, in Fourier space,
Ψ[Sij] ∼ exp
[
−1
2
∫
d3k
(2π)3
SijSkl〈σij(~k)σkl(−~k)〉′
]
. (65)
In the above expression, the function 〈ǫ2.σ~k ǫ˜2.σ−~k〉′ satisfies Eq. (26) with ∆ = ∆+. Let us verify
this by deriving the two point function for the spin-2 field Sij assuming that 〈ǫ2.σ~k ǫ˜2.σ−~k〉′ satisfies
Eq. (26) with the larger dimension ∆ ≡ ∆+. First we need to derive 〈σijσkl〉 from Eq. (26) which can
be parameterized as
〈ǫ2.σ ǫ˜2.σ〉 ∝ a˜e2iθ + b˜eiθ + c˜+ b˜e−iθ + a˜e−2iθ (66)
with
a˜ = 1, b˜ = 4
3−∆
∆
, c˜ = 6
(3−∆)(2−∆)
(∆− 1)∆ . (67)
Eq. (66) can be written as
a(ǫ·ǫ˜)2 + b(ǫ·ǫ˜) + c (68)
with
a = 4a˜, b = 2b˜− 8a˜, c = c˜+ 2a˜− 2b˜. (69)
Therefore, we have
〈σijσkl〉 ∝ 1
2
a(δikδjl + δilδjk) +
1
4
b(δikkˆj kˆl + δilkˆj kˆk + δjkkˆikˆl + δjlkˆikˆk) + ckˆikˆj kˆkkˆl
+d δijδkl + e(δij kˆlkˆk + δklkˆikˆj). (70)
The coefficients d, e are determined in terms of the other three by the tracelessness condition:
e = −1
3
(b+ c), d = −1
3
a+
1
9
(b+ c). (71)
To derive 〈SijSkl〉 we should invert this matrix:
〈SijSkl〉 ∝ A(δikδjl + δilδjk) +B(δikkˆj kˆl + δilkˆj kˆk + δjkkˆikˆl + δjlkˆikˆk) + Ckˆikˆj kˆkkˆl
+Dδijδkl + e(δij kˆlkˆk + δklkˆikˆj), (72)
where tracelessness condition fixes
E = −1
3
(4B +C), D = −2
3
A− 1
9
(4B + C), (73)
and the other three coefficients are 10
B =
−b
(2a+ b)
A, C =
−2cA− (4c+ 2b+ 4e)B
a+ b+ c+ e
. (74)
The correlator Eq. (72) can be contracted with polarization vectors to be brought back to the form
Eq. (66), with
A˜ =
1
2
A, B˜ = 4(
B
A
+ 1)A˜, C˜ = C + 3A+ 4B. (75)
10A simplification arises by noting that Eq. (70) is traceless.
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One obtains
B˜
A˜
= 4
∆
3−∆ = 4
3−∆−
∆−
,
C˜
A˜
= 6
∆(∆− 1)
(3−∆)(2−∆) = 6
(3−∆−)(2−∆−)
∆−(∆− − 1) , (76)
which are the same as Eq. (66) with ∆→ ∆−.
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